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presented a feedback control law that globally and asymptotically
stabilizes a spacecraft about a revolute motion along a speci� ed
inertial axis. After the spacecraft is stabilized, the command inputs
of the feedback control law oscillate periodically to conserve the
system angular momentum. In general there is no feedback control
law that can detumble and reorient the spacecraft simultaneously.
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Uniform Damping of Plates Using
a Modi� ed Nodal Control Method
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I. Introduction

T HE ultimate goal of many vibration control schemes is to
dampen all of the active modes participating in the system

response. In addition, one may want to preserve the uncontrolled
mode shapes and frequencies.The main advantagein doing this lies
in the energy savings that accompaniesmodal preservation.Finally,
one may want an analyticallysound method for actuator and sensor
placement. Toward this end, the natural control theory provides a
means for damping a structure, whereas preserving the modes and
the node control theory provides a means for actuator and sensor
placement.1 3 Weaver and Silverberg applied this combination to
actively damp a beam.4 The strategy states that one can control the
lowest N modes participatingin a response by placingdiscrete sen-
sor/actuator pairs at the nodes of the (N C 1) mode.4 In doing this
there is a natural decoupling that leads to a controlled system with
the following properties: 1) frequency and modal invariance and
2) uniform damping.4 Washington and Silverberg5 added bias or
steady-statecalibrationto this work, and Rosetti and Sun6 extended
the work to rings. Although the node control theory has been used
extensively in beams and rings, a general proof of the theory was
not discussed until recently.7;8 Now that there is a mathematical
basis for this theorem, its application to plates, shells, and general
problemscan now be investigated.The work in this Note applies the
theory to rectangular plates. There are a myriad of uses associated
with uniform damping nodal control (UDNC) as it applies to air-
craft structures because the boundary condition of dominant local
vibrationof the aircraft can be modeled as combinationof � xed and
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simply supported (SS) boundary conditions. Two important contri-
butions are actuator placement for active noise cancellation in air-
craft cabin enclosures and actuator placement for vibration control
of next generation � exible aircraft structures.

In its applicationto plates, thework in thisstudypostulatesthat the
lowest M and N modesofvibrationare controlledby M £ N pairsof
discrete actuators/sensors located at the intersections of the nodal
lines of the (M C 1)£ (N C 1) mode. The overall bene� ts of the
method are as follows: 1) discrete sensors and actuators are used in-
stead of distributedmodal sensors and actuators.9 11 2) The method
is resistant to control spillover4;5 because the actuator/sensor pairs
are locatedat the nodesof thenext highestmode, which diagonalizes
the control matrices. 3) Control moves are not calculated in modal
domain but in the physical domain. 4) All modes are designed to be
damped at the same rate thereby conserving energy. 5) The closed-
loop frequencies are equivalent to open-loop frequencies. 6) The
original mode shapes of the system are preserved. This work be-
gins with the application of UDNC to SS plates. The methodology
is then applied to the clamped-simply supported-clamped-simply
supported (C-SS-C-SS) case. The Ritz method is then used to han-
dle cases where an analyticalsolutiondoes not exist. The paper then
concludes with discussion.

II. Uniform Damping Control Method
A. Uniform Damping Control of Plates with Distributed
Actuators/Sensors

The control term f (x; y; z) is presented in the right-hand side of
the following governing equation for rectangular plates:

½
d2w.x; y; t/

dt2
C Dr4w.x; y; t/ D f .x; y; t/ (1)

In Eq. (1) the displacement� eld and excitation terms can be written
by the eigenfunctionsuperpositionmethod12 as the following:
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where the subscriptsm and n represent the mth mode in the x direc-
tion and nth mode in the y direction. The control force is expressed
as

f .x; y; t/ D gw.x; y; t/ C h Pw.x; y; t/ (5)

where g and h are the uniform damping coef� cients.12 The g and
h coef� cients are proportional to the measured displacement and
velocity, respectively. Uniform damping control for each individ-
ual mode can be obtained by employing the principles of uniform
damping3 into Eq. (4):
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Substituting Eqs. (2–4) into Eq. (1), utilizing Eq. (6), and applying
the two-dimensionalorthonormalityrelationshipsyields the follow-
ing equation:

Ŕmn.t/ C ¸mn´mn.t/ D g´mn.t/ C h Ṕmn.t/ (7)

Ifdistributedsensorsandactuatorsareused, the resultinggainmatrix
of the preceding equationcan be shown to be diagonal.Here M and
N are the largest number of modes considered to participate in
the system in the x and y directions, respectively. When discrete
actuators and sensors are used; however, the control gain matrices



1050 J. GUIDANCE, VOL. 24, NO. 5: ENGINEERING NOTES

in Eq. (6) are not diagonal, and this produces the effect of modal
coupling. The novelty of this work is that UDNC applied to plates
eliminates this issue, even when the actuators are discrete.

B. UDNC on the Plate with M ££ N Pairs of Actuators/Sensors
In this section we discuss how discrete sensors and actuators

affect the control gain matrices. In this formulation M £ N number
of actuator/sensor pairs are needed to control M £ N modes in the
x and y direction, respectively. It will be shown that the locations
are determined at the intersectionsof the (M C 1) mode nodal lines
and the (N C 1) mode nodal lines. Because the forces are discrete,
the forcing term in the governing equation (1) is expressed as:
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where i indicates the i th sensor/actuator pair and x¤ and y¤ repre-
sent the locationof sensors and actuators.Multiplyingthe preceding
equation by Wrs, integratingover the length, and utilizing orthonor-
mality produces the following equations:
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Conductingthe same processas in the precedingsection, the UDNC
forces for the mnth mode are obtained as the following:
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where the indexes m and r change from 1 to M and n and s change
from 1 to N . The equations for each mode are rearranged as

Ŕmn.t/ C ¸mn´mn.t/ D
M £ NX

i

fmn;i (11)

The fully populatedcontrolgain matricespresented in the preceding
equation will be diagonalized by proper selection of actuators and
sensors locations. We will see that the proper choice results in the
exact locations that one would get by applying UDNC.

To illustrate this, let us employ the theory on a simple system.
Toward that end, we will damp a SS rectangularplate up to the 2 £ 1
mode. The mode shape and normalized natural frequencies are the
following:
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Using Eqs. (10) and (12), the proportional control gain matrix
(G matrix) is constructed by the following:
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where a1 and a2 are the locations of the two actuator/sensor pairs
and the gains g1 and g2 represent the gains of the actuators at points
a1 and a2, respectively. First we will calculate the actuator/sensor
pair locations in the x direction. Because the mode shapes in the x
directionare symmetric and antisymmetric for even and odd modes,
respectively,the locationsa1 and a2 are selected symmetricallywith
respect to the center. This means a2 D .a a1/ where a is the total
length in the x direction.To make the control gain matrix uniformly
diagonal,G12 D 0, and G11 D G22 . Applying these issues along with
a2 D .a a1/ and utilizing trigonometricrelationshipsyield the fol-
lowing equation:
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Uniform damping is achievedwhen the coef� cient g is a constant
for all different actuators. This means g1 and g2 are both equal to a
constant g. Second, the actuator locations a1 and a2 generating the
uniform control gains are determined by substituting Eqs. (13) and
(14) and utilizing the trigonometric relationships:

sin.3¼a1=2a/ sin.¼a1=2a/ D 0 (15)

The solutions of the preceding equation in the range of 0 < a1 < a
are a1 D 2

3
¢ a and a2 D 1

2
¢ a. Similarly, the locationof actuator in the

y direction is calculatedfrom Eq. (12) as cos.2¼y=b/ D 1. The solu-
tion of the equation in the range of 0 < b1 < b is b1 D b=2. Remark-
ably, the results are the intersections of the 3 £ 2 mode nodal line
presented in Fig. 1. Remember the UDNC law states that we place
our actuators at the intersection of the (M C 1)£ (N C 1) nodal
lines to control the (M ) £ (N ) mode. It was postulated that the cor-
rect placement of actuator/sensor pairs were at the intersection of
the nodal lines. As presented in this example, the coef� cients and
actuator locations to generateuniformlydiagonalmatrices are iden-
tical to the coef� cients and locations determined by UDNC theory.
The following equation is obtained for the proportionalcontrol gain
matrix3;4 of the example by substituting the preceding results into
Eq. (13):

G D 4
3
g[I ]2 £ 2; H D .2=®/G (16)
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a) b)

Fig. 1 UDNC on plate with excitation at a) P1 and b) P2 .

where [I ] is identitymatrix.As presented in the precedingequation,
the gain matrices G and H are uniformly diagonal.To highlight the
modal preservationcapability of this algorithm, we will show addi-
tional simulationresultsof UDNC on the platewith severaldifferent
excitation points. The selected locations for the impulse excitation
points are P1(5a=12, 3b=8), P2(a=2, b=2), and the corresponding
responsesare presented in Fig. 1. The point of observationis (2a=3,
b=2). The selected control damping constant ® is given by 0.01,
0.1, and 0.5, and the responses according to the selection are pre-
sented in the plots. When the control damping constant ® is 0.01,
the system response is close to the behavior of the open-loop sys-
tem. Because the contribution factor of each mode depends on the
excitation locations, the cases show different closed-loop response
pro� les. In Fig. 1a the contributionof multiple modes are present in
the total system response. The response presented in Fig. 1b shows
one dominant mode response without the contribution of any other
mode because the excitation point p3 is a node of the W21 mode
and an antinode of W11 . The contribution factor of the fundamental
mode W11 to the total system response is maximized while the con-
tribution factor of the W21 mode is nulli� ed. This highlights the fact
that modal decoupling can happen with the proper actuator place-
ment prescribed by UDNC. It is clearly shown that a higher control
damping constant ® induces less settling time and that the damped
natural frequencies are not varying as designed by UDNC. We can
also see that all active modes are damped at the same rate. This
concept has been demonstrated for higher modes as well.

III. UDNC Applied to Various Boundary Conditions
A. SS Rectangular Plates

The next case will present UDNC for a rectangular plate that is
SS on all four sides. We will be controllingup to the 2 £ 3 (M £ N )
mode. The locations for the sensor/actuator pairs are the intersec-
tions of the nodal lines of the third and fourth modes in x and y
coordinates, respectively. The locations are calculated as follows
and are presented in Fig. 2a:

x¤
1 D a=3; x¤

2 D 2a=3; y¤
1 D b=4

y¤
2 D 2b=4; y¤

3 D 3b=4 (17)

Substituting Eq. (13) and the solution for SS plates given by the
Eq. (12) into the control gain matrix in Eq. (10) yields follow-
ing diagonalized G matrix. The H matrix is obtained in a similar
manner:

G D 3:0 ¢ g ¢ [I ]6 £ 6; H D .2=®/G (18)

As presented in these two examples, the UDNC method produces
diagonalizeduniform control gain matrices.

B. C-SS-C-SS Rectangular Plates
In an earlier section the validity of UDNC has been proven, and

simulation resultsof simple caseswere presented.Now, we move on
to more general cases of rectangular plates such as C-SS-C-SS. In
this section the analytical solution of C-SS-C-SS rectangularplates
and the utility of UDNC will be demonstrated. The results will be

a) SCSC plate b) SS-SS-SS-SS plate

Fig. 2 Location of actuators and sensors.

compared with those obtained by an approximation method in a
later section.The boundary conditions for the clamped sides can be
expressed as

W .x; 0/ D @W

@y
.x; 0/ D W .x; b/ D @W

@y
.x; b/ D 0 (19)

The preceding equation produces four homogeneous equations by
applying the boundary conditions to the general solution satisfying
the SS side boundary condition.12 These equations can be solved to
give the following12:

W .x; y/ D
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sin ¸1 y

C [¸1 sinh ¸2b ¸2 sin.¸1b/].cos ¸1 y cosh¸2 y/
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where ¸1 D
p

.k2 ®2/ and ¸2 D
p

.k2 C ®2/.
The mode shape of an individual mode will be found by sub-

stituting the coef� cient kmn , a, and b into the preceding equation.
The orthogonal mode shapes are orthonormalized by applying the
Gram–Schmidt method. The nondimensional frequency parameter
is de� ned as ¸2 D !2b4½=D. The calculated nondimensional fre-
quency parameters are presented in Table 1. The � rst step is to
determine up to what modes you want to damp. In this case we will
control up to the 3 £ 2 mode or modes (W11 , W21, W31 , W12 , W22,
W32). The next step is to � nd the locations for the actuator/sensor
pairs (Fig. 2b). The dimensions of the plate are 1 £ 0:5 units in the
x and y directions, respectively. The UDNC theory states that the
actuator/sensor pairs should be at the nodes of (M C 1) and (N C 1)
mode. The locationswill be found at the zeros of the fourth mode in
the x directionand the thirdmode in the y direction.The coordinates
are the following:

x1 D 1
4 ; x2 D 2

4 ; x3 D 3
4

y1 D 0:177063; y2 D 0:322936 (21)
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Table 1 Nondimensional frequency parameters

x index
y index 1 2 3 4

1 ¸11 D 23:81562612 ¸21 D 28:95085036 ¸31 D 39:08924660 ¸41 D 54:74307074
2 ¸12 D 63:53450089 ¸22 D 69:32701373 ¸32 D 79:52512027 ¸42 D 94:58527817
3 ¸13 D 122:9296309 ¸23 D 129:09553715 ¸33 D 139:62234634 ¸43 D 154:77570360
4 ¸14 D 201:9815976 ¸24 D 208:39171967 ¸34 D 219:20715560 ¸44 D 234:58545320

Table 2 Nondimensional frequency parameters by the Ritz method

x index
y index 1 2 3 4

1 ¸11 D 23:81562612 ¸21 D 28:95085046 ¸31 D 39:09275811 ¸41 D 54:78521177
2 ¸12 D 63:53450098 ¸22 D 69:32701386 ¸32 D 79:52738644 ¸42 D 94:61591534

Once the mode shapes and locations of the actuator/sensor pairs are
calculated, the following process is straightforwardas presented in
earlier section. The control gain matrices G and H are obtained as
follows:

G D g

£

2

6666664

27:6019 0 0 0 0 0

0 28:8075 0 0 0 0

0 0 27:5777 0 0 0

0 0 0 28:4826 0 0

0 0 0 0 27:5282 0

0 0 0 0 0 28:0032

3

7777775

H D 2

®
G (22)

As justpresented,the UDNC methodhasuniformlydiagonalcontrol
gain matrices for this case.This means that the SS-C-SS-C platewill
be controlled having all of the merits associated with the UDNC
method.

IV. UDNC via the Ritz Method
Becausethe analyticalsolutionsof many plate vibrationproblems

are dif� cult if not impossible to � nd, approximation methods are
usuallyused. In this sectionwe will applythe UDNC a methodbased
on the approximated mode shape obtained by the well-known Ritz
method.13 The algebraic form of displacement function W (x; y),
which satis� es the boundaryconditionsof the structure, is assumed
as the following equation:

W .x; y/ D x.x a/y2.y b/2
IX
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JX
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Ai j x
i y j (23)

where the I D J D 7 is selected in this study. The functional can be
constructed as follows:

L D T V (24)

where the T and V are the maximum values of kinetic energy and
potentialenergy in a vibratorycycle, respectively.These kinetic and

G D g

2
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27:497490 1:7099e 14 0 0 0:144993 0

1:7099e 14 28:725208 0 0 0 0:150819

0 0 27:567173 1:9180e 14 0 0
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0:144993 0 0 0 27:607363 2:1934e 14

0 0:150819 0 0 2:1934e 14 28:144987

3

77777775

(29)

potential energies can be represented by the following equations in
classical plate vibration theory:
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The proper choice of each coef� cient in the admissible function
for minimizing the functional can be found by the following equa-
tion:

@Lmax

@ Ai j

D 0 (27)

The preceding equation yields an (I C 1)(J C 1) order eigenvalue
problem. By solving the eignevalue problem, one can obtain
(I C 1)(J C 1) number of nondimensional frequency parameters
and the corresponding mode shapes. One immediately discovers
that the lower nondimensional frequencies and mode shapes are
more accurate than the higher ones and tend to approach to the ex-
act values as the number of terms in the admissible function are
increased.The nondimensionalfrequencyparameters are written in
Table 2. UDNC will be employed on approximated mode shapes
according to the following scope. UDNC will be applied up to the
for a SS-C-SS-C rectangular plate. The selected dimension of the
plate is 1 £ 0:5 units. Applying the methodologyoutlined in Sec. III
to the approximated mode shapes gives the locations of the actua-
tor/sensor pairs:

x1 :D 0:4978337; x2 :D 1:0000000; x3 :D 1:5021662

y1 :D 0:3540555; y2 :D 0:6459444 (28)

As just presented, the locations are slightly different from the exact
locations obtained by the analytical method. Applying the UDNC
procedurepresentedin the precedinganalyticalcase, the gain matrix
is calculated by using the approximated mode shapes as follows:
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The gain matrix is almost identical to the gain matrix obtained
by analytical method, and the preceding gain matrix is approxi-
mately diagonal. Errors introduced by the approximation method
(Ritz method) upon the mode shape, natural frequencies, and gain
matrix are less than 1%.

Conclusions
In this studywe havepresenteda methodologyfor uniformmodal

damping of plates with certain boundary conditions.The sensor ac-
tuatorpairs are placed at the intersectionof the nodes of the (M C 1)
and (N C 1)mode.The methodshows the following:1)allmodesare
dampeduniformly;2) theopen-loopandclosed-loopfrequenciesare
the same; and 3) the mode shapes are invariant. This methodology
has been shown to work in all cases where the nodal lines intersect.
If one were to examine the total number of simple boundary condi-
tions (clamped, SS, free) for rectangularplates, one would � nd that
there are 21 different combinations. The UDNC method works for
all combinations except the following: C-F-S-F, C-F-C-F, S-F-S-F,
C-F-F-F, S-F-F-F, F-F-F-F. In these cases there are no intersections
of thenodal lines.A general solutionfor thesecasesremains elusive.
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